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We study the spin-boson model (SBM) with two spins in an antiferromagnetic bias field by a
numerically exact method based on variational matrix product states. Several observables such as
the magnetization, the entanglement entropy between the two spins and the bosonic environment,
the ground-state energy, as well as the correlation function for two spins are calculated exactly.
The characteristics of these observables suggest that the antiferromagnetic bias field can drive the
2nd-order quantum phase transition (QPT) to the 1st-order QPT in the sub-Ohmic SBM and the
Kosterlitz-Thouless QPT directly to the 1st-order one in the Ohmic SBM. A quantum tricritical
point, where the continuous QPT meets the 1st-order one, can be then detected. It is found that
the antiferromagnetic bias field would not change the universality of this model below the quantum
tricritical point.
PACS numbers: 03.65.Yz, 03.65.Ud, 71.27.+a, 71.38.k
I. INTRODUCTION
Quantum phase transitions (QPTs) occur at zero tem-
perature and are accompanied with a dramatic change
in the physical properties of a systems near the criti-
cal parameters [1]. The same universality class can be
shared by many different systems. It has been always
the hot topics in the fields of solid-state systems and the
light controlled condensed matter systems, such as the
fermionic [2], spin [1], bosonic [3], as well as the fermion
(spin)-boson coupling systems [4, 5]. Because fermions
have both the spin and charge degree of freedom, so var-
ious quantum phases can emerge in the fermionic sys-
tems and bosonic ones if bosons are formed by compos-
ite fermions, such as femion(boson)-Hubbard models in
High-Tc superconductors and cold atoms. Among the
light-matter interacting systems, it is well known for a
long time that even the prototype Dicke model [6], and
the spin-boson model (SBM) [7, 8] can display QPTs at
strong coupling between the two-level systems (qubits)
and the cavity or bosonic baths. Recently, it has been
even proposed that the quantum Rabi model [9], which
only includes one qubit and a single-mode cavity, can un-
dergo a QPT in the infinite ratio of the qubit and cavity
frequencies. It is generally accepted that the Dicke model
and the quantum Rabi model only experience a single
QPT from the normal to supperradiant phase with the
same critical behavior, and the SBM exhibits the single
QPT from delocalized to localized phase with the power
of the spectra function dependent criticality [10].
With the advance of modern technology in fabrication
and bumping lights, the qubits and resonators (oscilla-
tors) coupling systems can be engineered in many solid-
state devices, such as superconducting circuits [11], cold
atoms in optical lattice [12], and trapped ions by tuned
and pulsed lights [13], which can be described by the pro-
totype Dicke model and even its variants. More Recently,
the SBM has been realized by the ultrastrong coupling of
a superconducting flux qubit to an open one-dimensional
(1D) transmission line [14]. Even deep-strong coupling
between the qubits and resonates can be accessed exper-
imentally [15], and the integration of many qubits can
be also realized, such as the quantum supremacy using
a programmable superconducting processor claimed by
Google [16]. The rich and novel quantum phases might
emerge in some generalized models.
Theoretically, to obtain rich phases in the light-matter
interacting systems, one can generalize these prototype
models. Generally, the QPT only appears in the Dicke
model in the thermodynamic limit, i.e. the qubit number
N →∞, exhibiting the mean-field critical behavior. The
generalized Dicke models in the limit of N → ∞, such
as the anisotropic Dicke model [17, 18], the anisotropic
Dicke model with the Stark coupling terms [19], and the
Dicke model where infinite atoms are separated equally
into two parts, each experiences an antiferromagnetic
bias field [20] have been recently studied by several
groups.
A quantum tricritical point (QuTP) [21] is seldomly
supported in the solid-state materials, and is almost im-
possible to appear in the prototype models of the light-
matter interacting systems. Interestingly, it has been
found to exist in anisotropic Dicke model [18] and the
isotropic Dicke model with antiferromagnetic bias fields
[20]. In the former model, the QuTP lies at the sym-
metric line of the superradiant “electric” and “magnetic”
phases which can be mapped mutually by interchang-
ing the rotating-wave term and the counterrotating one.
While in the latter model, it was demonstrated in Ref.
[20] that the field can driven the 2nd QPTs in the Dicke
2model to the 1st-order, thus 2nd-order critical line can
meet 1st-order critical line at the QuTP.
In the original SBM with single qubit, the 2nd-order
QPT from the delocalized phase, where spin has the
equal probability in the two states, to localized phase,
in which spin prefers to stay in one of the two states,
has been studied extensively [10, 22–30]. It is generally
accepted that the continuous QPT with mean-field ex-
ponents is found for the power of the spectral function
of the bosonoic baths s < 1/2 [22, 23, 25], with nontriv-
ial power for 1/2 < s < 1[10, 24]. Kosterlitz-Thouless
(KT) phase transition occurs for s = 1 [5], and no phase
transition happens for s > 1.
The SBM has been generalized by increasing the num-
ber of spins, such as the SBM with two spins [31, 32],
and a number N of spins even in the limit N →∞ [33].
It has been found that the critical behavior of QPT is
not changed by the finite number of spins. In the limit
N →∞ the universality class of the transition changes to
mean-field behavior, the same universality of the Dicke
model. Motivated by the generalized Dicke model [20],
we will study the criticality of the SBM with two spins
in an antiferromagnetic bias field. Our goals are two-
fold. One is whether such bias fields would change the
universality class of the QPT. The other one is whether
the bias fields result in the QuTP as the Dicke model.
In this paper, we will extend the variational matrix
product state (VMPS) approach [27] to study the two-
spin-boson model (2SBM) with the sub-Ohmic bath. The
paper is organized as follows. In Sec. II, we introduce
the 2SBM in the bias fields for two spins along the oppo-
site directions and the VMPS approach briefly. In Sec.
III, we study the QPTs of the 2SBM in sub-Ohmic and
Ohmic bath with the antiferromagnetic bias field. For
the sub-Ohmic bath, we choose two typical powers of the
spectra function of the bath, which are, respectively, cor-
responding to the mean-field and non-mean-field critical
nature of the QPTs in the single SBM. The order pa-
rameter and the entanglement entropy between the two
qubits and the bosonic bath are extensively calculated.
The critical exponents for the order parameter are also
analyzed. A QuTP separated by the 2nd-order (KT type)
critical lines and the 1st-order ones for the sub-Ohmic
(Ohmic) baths are revealed by several independent evi-
dences from different observables. Finally, we present the
brief summary in the last section.
II. 2SBM WITH AN ANTIFERROMAGNETIC
BIAS FIELD AND METHODOLOGIES
The 2SBM Hamiltonian can be written as (the reduced
Planck constant is set ~ = 1)
Hˆ =
∑
i=1,2
1
2
(
∆σzi − (−1)
i
ǫσxi
)
+
∑
k
ωka
†
kak
+
1
2
∑
k
gk
(
a†k + ak
)
(σx1 + σ
x
2 ) , (1)
where σji=1,2 (j = x, y, z) are the Pauli matrices for spins
1 and 2, ∆ is the qubit frequency, (−1)
i
ǫ before σxi
is the bias field representing an antiferromagnetic bias
field along the x axis for the two spins, ak (a
†
k) is the
bosonic annihilation (creation) operator which can anni-
hilate (create) a boson with frequency ωk, and gk denotes
the coupling strength between the qubit and the bosonic
bath, which is usually characterized by the power-law
spectral density J(ω),
J(ω) = π
∑
k
g2kδ(ω − ωk) = 2παω
1−s
c ω
sΘ(ωc − ω), (2)
where α is a dimensionless coupling constant, ωc is the
cutoff frequency, and Θ(ωc − ω) is the Heaviside step
function. The power of the spectral function s classifies
the reservoir into super-Ohmic (s > 1), Ohmic (s = 1),
and sub-Ohmic (s < 1) types. This model is illustrated
in Fig. 1 where the x-axis is in horizontal line.
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FIG. 1: (Color online) Illustration of the two-spin-boson
model with the antiferromagnetic bias field ±ǫ along the x-
direction. The two spins denoted by red spheres interact with
a common continuous bosonic reservoir represented by the big
blue region. No direct interaction between spins is considered.
The introduced antiferromagnetic bias fields to the
two spins do not break the parity (Z2) symmetry in the
2SBM. Its parity operator is defined as
Πˆ =
[
σz1σ
z
2 + 1
2
−
(
σ+1 σ
−
2 + σ
−
1 σ
+
2
)]
exp
(
iπ
∑
k
a†kak
)
,
(3)
where σ±i=1,2 = (σ
x
i ± iσ
y
i ) /2. Note that in the presence
of the bias field, it is more complicate than the parity for
ǫ = 0, Πˆǫ=0 = exp
[
iπ
(∑
k a
†
kak + (σ
z
1 + σ
z
2) /2 + 1
)]
,
due to the absence of the collective spin. The parity
operator Πˆ has two eigenvalues ±1, corresponding to
even and odd parity in the symmetry conserved phases.
The average value of the parity may become zero due to
the quantum fluctuations in the symmetry broken phase.
To apply VMPS in the 2SBM in the antiferromag-
netic bias fields, firstly the logarithmic discretization of
the spectral density of the continuum bath [10] with dis-
cretization parameter Λ > 1 is performed, followed by us-
ing orthogonal polynomials as described in Ref. [34], the
32SBM can be mapped into the representation of a one-
dimensional semi-infinite chain with nearest-neighbor in-
teraction [35]. Thus, Hamiltonian (1) can be written
as:
Hchain =
∆
2
(σz1 + σ
z
2) +
ǫ
2
(σx1 − σ
x
2 )
+
c0
2
(b0 + b
†
0) (σ
x
1 + σ
x
2 )
+
L−2∑
n=0
[εnb
†
nbn + tn(b
†
nbn+1 + b
†
n+1bn)], (4)
where b†n(bn) is the creation (annihilation) operator for a
new set of boson modes in a transformed representation
with εn describing frequency on chain site n, tn describ-
ing the nearest-neighbor hopping parameter, and c0 de-
scribing the effective coupling strength between the spin
and the new effective bath. For details, one may refer to
Ref. [34].
Then as introduced in [36, 37], we employ the stan-
dard matrix product representation with optimized bo-
son basis |n˜k〉 through an additional isometric map with
truncation number dopt ≪ dn like in Refs. [27, 35] to
study the quantum criticality of 2SBM. Each site in the
1D chain can be described by the matrix M , which is
optimized through sweeping the 1D chain iteratively to
obtain the ground state, and Dn is the bond dimension
for matrix M with the open boundary condition, bound-
ing the maximal entanglement in each subspace.
For the data presented below, we typically choose the
same model parameters in Ref. [27, 38, 39], as ∆ = 0.1,
ωc = 1, the logarithmic discretization parameter Λ = 2,
the length of the semi-infinite chain L = 50, and opti-
mized truncation numbers dopt = 12. In addition, we
adjust the bond dimension as Dmax = 20, 40, and 20 for
s = 0.3, 0.7, and 1, respectively, which are sufficient to
obtain the converged results for the problems concerned.
The information of the ground-state can be also de-
scribed by the Von Neumann entropy SE of the 2SBM,
which characterizes the entanglement between two spins
and the bosonic bath
SE = −Tr (ρspin log ρspin), (5)
where ρspin is the reduced density matrix for the two
spins.
The averaged total magnetization
M = (〈σx1 〉+ 〈σ
x
2 〉) /2, (6)
can be regarded as the order parameter, which can be
used to characterize the essential nature of the 2nd-order
QPTs. However, it is hardly employed to distinguish the
KT and the 1st-order QPTs because both would suddenly
drop to zero.
III. RESULTS AND DISCUSSIONS
A. Sub-Ohmic bath (s < 1)
FIG. 2: (Color online) (upper panel) Phase diagram in the
ǫ − α plane for 2SBM drawn from the Magnetization |M |:
delocalized phases (M = 0) and the localized phase (M 6= 0).
(lower panel) Entanglement entropy 〈SE〉. The power of the
spectral function is (left) s = 0.3 and (right) 0.7. ∆ = 0.1,
ωc = 1. The QuTP is marked by a red dot, which separates
the intersection of the 2nd- and 1st-order phase transition.
The parameter used in the VMPS approach are Λ = 2, L =
50, dopt = 12, and D = 20 for s = 0.3, 0.7.
The single SBM expects a mean-field critical behavior
for s < 1/2, and a nonclassical one for s > 1/2, so we
focus on two typical powers of the spectral function s =
0.7 and 0.3 in this work. The phase diagram of 2SBM in
the opposite bias fields based on the VMPS approaches
are presented in the ǫ−α plane of the upper panel in Fig.
2 for s = 0.3 (left) and 0.7 (right). The entire critical lines
can be mapped out by the boundary of the nonzero order
parameter M = (〈σx1 〉+ 〈σ
x
2 〉) /2, which separates the
delocalized phase and localized phase. Moreover, for the
2nd-order QPT, the order parameter becomes nonzero
continuously, while in the 1st-order QPT, it suddenly
jumps to a finite value. By this criterion, we can evaluate
the QuTP that splits the whole critical line into the 1st-
and 2nd-order critical lines, as indicated in the upper
panel in Fig. 2 with red dots.
We also display the entanglement entropy between the
two spin and the bath in the lower panel of Fig. 2. The
ridge line is the critical line, because the highest entropy
signifies the phase transitions [40]. The highly entan-
glement is observed near the whole critical line in both
sides, and fall off fast away from the critical lines.
To study the QPTs deeply, we will discuss the order
parameter and the entanglement entropy in detail. For
more clear, we extract the data of the magnetization and
the entropy as a function of coupling strength α along
ǫ = 0.1 and 0.2 for s = 0.3, along ǫ = 0.5 and 0.7 for
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FIG. 3: (Color online) Magnetization |M |, Entanglement
entropy 〈SE〉 (upper panels), and the first, second derivative
of energy ∂E/∂α, ∂2E/∂α2 (lower panels) as a function of α
in the ground state for ǫ = 0.1 (left) and ǫ = 0.2 (right) by
VMPS approach. ∆ = 0.1, ωc = 1, Λ = 2, L = 50, dopt = 12,
and D = 20 for s = 0.3.
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FIG. 4: (Color online) Magnetization |M |, Entanglement
entropy 〈SE〉 (upper panels), and the first, second derivative
of energy ∂E/∂α, ∂2E/∂α2 (lower panels) as a function of α
in the ground state for ǫ = 0.5 (left) and ǫ = 0.7 (right) by
VMPS approach. ∆ = 0.1, ωc = 1, Λ = 2, L = 50, dopt = 12,
and D = 20 for s = 0.7.
at s = 0.7, and replot in the upper panel of Figs. 3 and
4, respectively. Here the two values of bias field in both
powers of the spectra function of the baths are corre-
sponding to the 2nd- and 1st-order QPTs. One can obvi-
ously find that the order parameter M becomes nonzero
and cusps of the entropy appear right at the phase tran-
sition. Obviously, both M and S change continuously in
the 2nd-order QPTs (upper left), but discontinuously in
the 1st-order QPTs (upper right).
The 1st-order and 2nd-order QPTs can be also di-
rectly discerned by its first- and second-order derivative
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FIG. 5: (Color online) The correlation function 〈σx1σ
x
2 〉 as
a function of the coupling strength within VMPS approaches
at ǫ = 0.1, 0.2 for s = 0.3 (left) and ǫ = 0.5, 0.7 for s = 0.7
(right) . Other parameters: ∆ = 0.1, ωc = 1, Λ = 2, L = 50,
dopt = 12, D = 20.
of the ground-state energy with respect to the coupling
parameter α. The results for the same parameters as in
the upper panel of Figs. 3 and 4 are presented in the
lower panels of the same figures. At the two smaller bias
fields (lower left), the 1st-order derivatives of the energy
are continuous around the transitions, while at the two
larger bias fields (lower right), they are discontinuous at
the critical points. The 2nd-order derivatives of the en-
ergy are discontinuous and diverge at the critical points
for the smaller and larger ǫ′s, respectively. The observa-
tion is in accord with the nature of the 2nd- and 1st-order
phase transitions, justifying the existence of QuTP in the
phase diagram based on the order parameter.
To provide further evidence of the existence of the
QuTP separating the 1st- and 2nd-order critical lines,
we calculate the two spin correlation function 〈σx1σ
x
2 〉.
The results are shown in Fig. 5 for s = 0.3 (left) and 0.7
(right), at small and large ǫ′s, which are the same as those
in Figs. 3 and 4. It is observed that the 〈σx1σ
x
2 〉 is contin-
uous (discontinuous) for small (large) bias fields ǫ′s, also
demonstrating the 2nd (1st)-order QPTs at small (large)
ǫ′s.
Since the antiferromagnetic bias field can drive the
2nd-order QPTs to the 1st-order ones, can it alter the
universality class in the 2nd-order critical lines? In or-
der to answer this question, we present the log-log plot
of the magnetization M = (〈σx1 〉+ 〈σ
x
2 〉) /2 as a function
of α − αc in Fig. 6 where the parameters are the same
as those in Fig. 5. The critical exponents β can be de-
termined by fitting power-law behavior, M∝ (α− αc)
β
.
For two smaller ǫ′s below the QuTP, as displayed in the
upper panel of Fig. 6, very nice power-law behavior over
three decades are demonstrated for both cases, yielding
β = 0.484 for s = 0.3 and β = 0.303 for s = 0.7, which
are very close to those in the single SBM for the same s
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FIG. 6: (Color online) The log-log plot of the magnetization
|M | as a function of α − αc at ǫ = 0.1, 0.2 for s = 0.3 (left)
and ǫ = 0.5, 0.7 for s = 0.7 (right). The numerical results by
VMPS are denoted by black circles and the power-law fitting
curves are denoted by the red dashed lines, which indicates
the 2nd-order QPT takes place in the smaller bias field and
gives similar critical behaviors compared to the standard spin-
boson model, while the larger bias field induces the 1st-order
QPT and vanishing of the critical exponent β. ∆ = 0.1,ωc =
1, Λ = 2, L = 50, dopt = 12, and D = 20, 40 for s = 0.3, 0.7
respectively.
by the VMPS approaches [27]. This is to say, the critical
exponents of the order parameter are not different from
those in the single SBM. In other words, as long as the
2nd-order QPTs occurs in the 2SBM with the antiferro-
magnetic bias field, the critical exponent is only the bath
exponent dependent, and remains unchanged with ǫ. At
the 1st-order critical line which is in the larger ǫ region,
as shown in the low panel of Fig. 6, β = 0, which is in
accord with the 1st-order phase transition nature.
B. Ohmic bath (s=1)
It is well known that the single SBM with the Ohmic
bath undergoes the continuous QPTs of KT type [5]. In
the language of the quantum-to-classical mapping, s = 1
corresponds to the low critical dimension of the long-
ranged Ising model [41]. Recall in the last section, the an-
tiferromagnetic bias field can drive the 2nd-order QPTs
to the 1st-order one in the sub-Ohmic 2SBM. Note that
the finite number of spins would not change the univer-
sality of the SBM [33]. What is the effect of these bias
fields on the KT phase transitions in the Ohmic 2SBM?
Could the bias field drive the KT phase transitions to the
2nd-order or/and the 1st-order ones?
To address these issues, we perform the VMPS study
on 2SBM in the Ohmic bath with the bias fields described
above. In the literature, the entanglement entropy is usu-
ally checked in the SBM with the Ohmic bath, because
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FIG. 7: (Color online) Entanglement entropy 〈SE〉 as a func-
tion of α in the ground state at ǫ = 0, 0.1, 0.5, 0.9, 1.2, 1.5 for
s = 1 by VMPS approach. ∆ = 0.1, ωc = 1, Λ = 2, L = 50,
dopt = 12, and D = 20.
KT phase transitions are of infinite order, and less ob-
servables can be used to distinguish KT from other kinds
of phase transitions. In the KT phase transition of the
single SBM for the bath exponent s = 1, the entropy in-
creases in the weak coupling regime, then saturates to
a plateau, and drops suddenly at the KT critical point
[42]. In the 2nd-order QPTs, the entropy falls off both
sides of the critical point [26].
We calculate the entropy for several bias fields from
ǫ = 0 to 1.5 in Fig. 7. We find that after the plateau, all
entropies suddenly drop at the transition point. With the
increase of the field, the flat plateaus gradually change
into the broad peak, and shrink considerably if we fur-
ther goto larger ǫ, such as ǫ = 0.9 where the peak point is
very close to but not at the transition point. We believe
that as long as the peak point does not meet the transi-
tion point, it is still in the universality of the KT phase
transitions. It is interesting to note that for ǫ = 0.5, 0.99,
the entropy shows a broad peak before drops abruptly at
the localized transition, different from that in the single
SBM for s = 1. One may argue that coherence is lost
already before the system becomes localized [31].
Next, to demonstrate the bias field driven new phase
transitions in the 2SBM in the larger ǫ, we present the
entropy for smaller fields in Fig. 8, and larger fields in
Fig. 9. The order parameter jumps suddenly for all cases
at the transitions, so one could not employ it to discrim-
inate between the 1st-order and the KT type of QPTs.
The entropy drops abruptly at the transition points for
all bias fields. However, for small bias fields shown in Fig.
8, it decreases with α before the abrupt drop, contrary
to the case for large fields indicated in Fig. 9 where a
cusp of the entropy appears the transition points (lower
panel), i.e. the entropy falls off in both sides. The differ-
ent behaviors are originated from different kinds of phase
transitions.
To show the nature of the phase transition more di-
rectly, we also display the corresponding first-order and
second-order derivatives of the ground-state energy with
respect to α. It is found in Fig. 8 that for small field, at
the transition point, both ∂E/∂α and ∂2E/∂α2 are con-
tinuous and have no exotic behavior. Even the further
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FIG. 8: (Color online) Magnetization |M |, Entanglement
entropy 〈SE〉 (upper panels), and the first, second derivative
of energy ∂E/∂α, ∂2E/∂α2 (lower panels) as a function of α
in the ground state for ǫ = 0.5 (left) and ǫ = 0.9 (right) by
VMPS approach. ∆ = 0.1, ωc = 1, Λ = 2, L = 50, dopt = 12,
and D = 20 for s = 1.
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FIG. 9: (Color online) Magnetization |M |, Entanglement
entropy 〈SE〉 (upper panels), and the first, second derivative
of energy ∂E/∂α, ∂2E/∂α2 (lower panels) as a function of α
in the ground state for ǫ = 1.5 (left) and ǫ = 3 (right) by
VMPS approach. ∆ = 0.1, ωc = 1, Λ = 2, L = 50, dopt = 12,
and D = 20 for s = 1.
high order derivative would not exhibit any discontinuity
at this point due to the infinite-order KT phase transition
nature.
However, as shown in Fig. 9 for two larger bias fields,
∂E/∂α drops suddenly and ∂2E/∂α2 diverges at the
transition point for all cases. This is typical character-
istics of the 1st-order phase transitions. We have care-
fully checked many large bias fields, we have not found
any signature of the 2nd-order phase transitions. To-
gether with the observations in sub-Ohmic case in the
last subsection, we can reach a conclusion that the anti-
ferromagnetic bias field could not change the universality
of continuous phase transitions including the KT ones in
the 2SBM. We believe that this conclusion can be gener-
alized to the finite even number dissipative spins in the
antiferromagnetic bias field.
The universality in the QuTP in the present model is
also a challenging issue. According to the Landau theory,
it should be different from those in other critical points.
But it is difficult to use any numerical approaches to
distinguish this isolated point from others. If the an-
alytical treatment formulated from the Feynman path-
integral representation of the partition function for the
single SBM [5, 43–45] can be extended to this model,
then it may be probable to clarify this issue.
IV. CONCLUSION
We have found rich quantum phases in the 2SBM with
both sub-Ohmic and Ohmic baths in the antiferromag-
netic bias field by the VMPS approach. The phase di-
agram has been composed in the coupling strength and
the bias fields. For sub-Ohmic bath, we really find that
the 2nd-order critical lines meet the first-order ones at
the QuTP with the bias field. For Ohmic bath, we find
that the bias field will drive the KT phase transitions di-
rectly to the 1st-order phase transitions. For all case, if
the 1st-order phase tradition does not emerge, the uni-
versality of the phase transition could not be changed by
the external antiferromagnetic bias field.
Since the recent superconducting circuit QED system
allows for the SBM in an Ohmic bath [14], the 2SBM
might be realized in any kinds of bath spectra in the
near future. The bias field can be easily introduced to
the artificial two-level systems by an externally applied
magnetic flux, so the antiferromagnetic bias field is not
difficult to manipulate. We believe that the 2SBM would
become potential platform to test the rich quantum crit-
icality and the QuTP.
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